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Cartesian surfaces

Are rigorously stigmatic surfaces able to produce a perfect point image 
from a point object on the optical axis.

[1] Descartes, R. Discours de la méthode pour bien conduire sa raison et chercher la vérité dans les sciences, with three appendices: La Dioptrique. (1637).
[2] Silva-Lora, A. & Torres, R. Explicit cartesian oval as a superconic surface for stigmatic imaging optical systems with real or virtual source or image. Proc. Royal Soc. A 476, 20190894 (2020).
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Cartesian surfaces

These surfaces can be represented by implicit mathematical equations
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Cartesian surfaces

The conics surfaces are particular cases of Cartesian surfaces (ellipsoids, 
hyperboloids, paraboloids y spheres).

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

Schwarzschild equation Condition

Refractive 
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Reflective 
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Cartesian surfaces

The conics surfaces are particular cases of Cartesian surfaces (ellipsoids, 
hyperboloids, paraboloids y spheres).

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).
[2] Young T. 1807 Lectures on natural philosophy. London 1, 464.

Condition

Spherical 
Refracting 
surfaces



Cartesian surfaces

Are cataloged as aspherical surfaces but they are not expressed as a standard formulation

Spherical surface

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).



Cartesian surfaces

Are cataloged as aspherical surfaces but they are not expressed as a standard formulation

Spherical lens

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).



Cartesian surfaces

Are cataloged as aspherical surfaces but they are not expressed as a standard formulation

Aspherical lens

[1] G. D. Wasserman  and  E. Wolf.  Proc. Phys.  Soc.  (London)  B62  (1949). 
[2] Silva-Lora, A., & Torres, R. (2020). Superconical aplanatic ovoid singlet lenses. JOSA A, 37(7), 1155-1165.



Cartesian surfaces

Are cataloged as aspherical surfaces but they are not expressed as a standard formulation

Standard aspherical

Cartesian surfaces

Conic base Aspheric coefficients



Ray-tracing through Cartesian surfaces

● A series of systems can be 
designed using a set of 
Cartesian surfaces

● Rigorous stigmatism is 
preserved through each 
surface

● Aplanatism not 
warranted

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

A A’B

Optical system



Ray-tracing through Cartesian surfaces

● A series of systems can be 
designed using a set of 
Cartesian surfaces

● Rigorous stigmatism is 
preserved through each 
surface

● Aberrations due to 
displacements of 
stigmatic points

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

A
A’
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Optical system



Ray-tracing through Cartesian surfaces

Ray-tracing technique can be achieved by developing two main steps:
● Find the intersection between a ray and a Cartesian surface
● Apply Snell-Descartes law

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).



Ray-tracing through Cartesian surfaces

Intersection between a ray and a Cartesian surface

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

where

where

Source

Incident unit vector

Equation of a line

Replacing

Implicit expression for 
Cartesian surfaces

Replacing



Ray-tracing through Cartesian surfaces

It is obtained a quartic expression which can be solved using Ferrari 
method.

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

From here is obtained the axial 
coordinate of the intersection     

      and      can be obtained using 
the equation of the line



Ray-tracing through Cartesian surfaces

To carry out the ray-tracing method it is necessary some elements. From

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

Are obtained

Normal unit vector



Ray-tracing through Cartesian surfaces

These elements are used to find the refracted unit vector using the vector 
form of the Snell-Descartes law.

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

Snell-Descartes Law

Vector form of Snell-Descartes Law For a system composed of a set of 
Cartesian surfaces this process is 
repeated until ray reaches the 
image plane.



Rigorously Stigmatic Lenses (RSL)

Are produced using two or more Cartesian surfaces or using aspherical 
corrective surfaces.

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

Lenses composed of two surfaces (singletes)



Rigorously Stigmatic Lenses (RSL)

There are infinite shapes for singlets composed of Cartesian surfaces, 
characterized by a shape factor σ

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).

Paraxial curvature

Shape factor



Rigorously Stigmatic Lenses (RSL)

Shape factor

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).
[2] T. T. Smith, “Spherical aberration in thin lenses,” Phys. Rev. 19, 276 (1922).



Rigorously Stigmatic Lenses (RSL)

Shape factor

[1] Silva-Lora, A. & Torres, R. Superconical aplanatic ovoid singlet lenses. JOSA A 37, 1155–1165 (2020).
[2] T. T. Smith, “Spherical aberration in thin lenses,” Phys. Rev. 19, 276 (1922).



Aplanatism in RSL

Aplanatism refers to the property of lenses to form images of extended 
objects.

[1] Silva-Lora, A., & Torres, R. (2020). Aplanatism in stigmatic optical systems. Optics Letters, 45(23), 6390-6393.

Abbe sine 
condition



Aplanatism in RSL

There are infinite Cartesian surfaces that combined each other can form an 
stigmatic singlet lens, but there is a specific pair of these surfaces that 
combined minimize the coma.

[1] Silva-Lora, A., & Torres, R. (2020). Aplanatism in stigmatic optical systems. Optics Letters, 45(23), 6390-6393.

Coma!
Coma disappears!



Aplanatism in RSL

Systems composed of Cartesian surfaces can have the property of 
aplanatism under certain conditions.

[1] Silva-Lora, A., & Torres, R. (2020). Aplanatism in stigmatic optical systems. Optics Letters, 45(23), 6390-6393.

Abbe sine condition Deviation from Abbe sine condition
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Aplanatism in RSL

From equation of deviation from aplanatism condition can be obtained 
cases of strict aplanatism

[1] Silva-Lora, A., & Torres, R. (2020). Aplanatism in stigmatic optical systems. Optics Letters, 45(23), 6390-6393.

Type-0 Type-1 Type-2 Type-3



Aplanatism in RSL

All RSL accomplish with this condition for 

Paraxial invariant for RSL Key to 
achromatism 
approach!



Applications

There are some areas where this approach can be implemented

Microscopy

Astronomy

Photolithography

Ophthalmic

Illumination applications

Devices composed with Cartesian surfaces can be lighter due to they can 
have fewer surfaces than conventional ones.
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