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Monoidal Space

Let v be a parametric curve in R3

1P[%, 4] = /dluf’rwul%753(27 -X);  ab=1,23.
ol

Let us consider M = {I: T =~ U....U~,}, then
112, T = 1PP[%, 7 U U] = ) 17K, 7]
i=1

M~ e 12P[R,T] = 12P[X, ]



Monoidal Space

» Reflexive. ' =T
17P[%,T] = 1?P[, T]
» Symmetric. T~ T"=T"~T
13P[%,T] = I7P[%, "] = 12P[%, "] = 1?P[X, T]

» Transitive. T =" and " =~ ", then [ = "

12b[%,T] = 12P[X, "] and [2P[%,T"] = 1°P[%, "]

= [°P[%,T] = 1°P[, T"]

= I',I" represent the same path belonging to 9t = M/R



Monoidal Space
We define a multiplication rule o for elements in 9t as
I1P[R, Ty oTo] = 12P[%, Ty UTo] = I?P[R, 1] + 12P[%, T
12P[%, o] 4 122[%,T1] = 12P[%, 5 0 4]
Properties
» Closure. If [1,To € M thenT10lr €M
» Assosiative 10 (lp0l3)=(I10lMp)orl3
1%, Tro (Mo l3)] = 12P[R, 1] + (1°°[%, To] + +1°°[%, T3))

= (I1?°[%,T1] + I°P[X, T2]) + 17°[%, T3]
/ab[?, (r1 o r2) o r3]

» Neutral Element For a path ¢ such as
[13P[Fe] = 0= I%P[%, T o T¢] = 1?P[X, T]
MM — COMMUTATIVE MONOIDE



Monoidal Space

Let us consider path valued functionals W : 9t — C.
vev@éea(V, V)W) = fim *(W[ro My, v]] = v[r])
0cd(¥, V) path derivative operator

Now,

Vealy, IR = L“L“o%("""Worwn—/ab[%:rl)
= Jim 7 (1B 1 117, 0] — 12T

— |' 7/ab v r = A
Jim —12[X, Ty, V]

o L e b3 N a b3 o
= fm gt R =Y) = ViR =)

= Oca(¥, 0)I7P[%,T] = (5?63+5f,55)53(y_x)



Linearized Gravity

Canonical Variables
(hab7 pab)

Poisson Algebra
{han(X), p<(¥)} = 3(050¢ + 8509)8° (X — ¥)

First Class Contraints

020Ph,, — 920, ~ 0
a;pab ~



Linearized Gravity

Dirac quantization program

hab — hab

pab N ﬁab

[has(3), B = i{ha(%). p(7))
= £(0505 + 050)0%(% - 7).

0P| W) fis ~ 0
(0°0"hap — 970,h)| W) s ~ 0



Monoidal Representation

hapW[TT = ida5(R, 0)W[M]
PPV —  1%P[R, Mwn)

Now

[i8a6(%, 0), 1°°[7, TIWT] i835(%, V)(1[7. TIW[T])

— Iy, T165(X, 0)W[T]
= (0ab(%, 0) 1]y, TV[T]

i S o
= (0505 +3507)8° (% — y)[r]
Fulfills the canonical algebral!

But...do not solve the first class constraints automatically...



Monoidal Representation

Reduced phase space quantization

E;;)T = Pab/cdi\"cd
ﬁabTT = Pab/cdﬁCd
where
1
Pabjed = PacPab — EPachd
and

1 _
Pap = dap — 5838bv 2

Geometrical interpretation??7?7?



Monoidal Representation

Abelian Loop Representation: source-free Electromagnetism
TR = [ a8 (- 7)
¥

Loop representation

EWh] — TRAVIM]
AN = (X)VD]

Gauss Constraint
d,E*W[y] ~ 0

Automatically solved!



Monoidal Representation

Skein Representation: Linearized Gravity?

hap(R)W] = %i(aa[z,vbmblz ])vIr]
PRV — z\lﬁ(Ta[)?v'Yb]+Tb[)?a7a])w[7]

Geometrical Interpretation??77

YEC and Lorenzo Leal. Int. J. Mod. Phys. D 23, 1450047



Monoidal Representation

Generator of duality rotations

G — /d3 hTT acda hdb +P;;,TV 25acd8 ATT)'

“ Metric dependent Linking Number”

Z Z R R
%d/rlj{d/rQUTr X UTr2 ( = F2) (UTrl -UT“)

|Zr, — 20, ?



Monoidal Representation

If we consider
_;’)3 /dza(53( ) abcabf(’ _)7’)

The metric dependent linking number takes the form...

%dl@%dlrz oy, - O, /dl o7, x 07y, ) uTch (Zr, — wy)
l 2



Monoidal Representation



Conclusions

» Linearized Gravity admits a monoidal representation in the

reduced phase space.

» Generator of duality admits a geometrical interpretation in
terms of a "metric dependent” Gauss Linking Number.



Gracias!



